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We study type IIB brane configurations engineering 3d flavoured ABJ(M) theories with Yang- 
j~^ . Mills kinetic terms, which flow to IR fixed points describing M2 branes at a class of toric 

^^ ■ Calabi-Yau fourfold singularities. The type IIB construction provides a bridge between M- 



theory geometry and field theory, and allows to identify the superconformal field theories 
with fixed quiver diagram, Chern-Simons levels and superpotential, differing by the ranks of 
the gauge groups, which we associate to dual AdS4 x I7 backgrounds of M-theory without or 
with torsion G- fluxes sourced by fractional M2 branes in I7, when Yj is smooth. The analysis 
includes the Q^'^'^ and y^'^(CP ) geometries. We also comment on duality cascades and on 
the interplay between torsion G-fluxes in M-theory and partial resolutions. 
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1 Introduction 

Following the work of Aharony, Bergman, Jafferis and Maldacena (ABJM) [T], who introduced 
a quiver gauge theory with U{N) x U{N) gauge group and CS terms at levels ib/c to describe 
the low energy dynamics of a stack of M2 branes at C^/Z^ and made several checks of the 
duality between such a three-dimensional (3d) field theory and M-theory on AdS^ x 5'^/Zfc, 
a wealth of publications appeared generalising the correspondence to systems of M2 branes 
at singularities, preserving less supersymmetry. 

Of particular interest to us is the case of M2 branes at conical toric Calabi-Yau fourfolds 
(CI4), where the field theory has M = 2 supersymmetry in three dimensions and at least 



U{l)ji X U{1)'^ global symmetry, and whose study was initiated in [21 [3] and [HIS], where 
the connection to the M-theory brane crystal proposal of [6j was further investigated. It was 
proposed that given a four-dimensional (4d) quiver gauge theory for D3 branes at a toric CY3 
cone, the same toric quiver gauge theory, reinterpreted as a three-dimensional field theory 
with CS terms, could be useful as a description of the low energy dynamics on M2 branes 
at certain toric CY4 singularities. The toric fourfold is the total space of a line bundle over 
the threefold, where the fibration is related to the CS levels of the 3d gauge theory (see also 
[3 [8]), which are subject to the constraint that their sum vanishes. Such three dimensional 
field theories are known as 3d quiver gauge theories with a 4d parent. 

3d quiver gauge theories without 4d parent, inspired by M-theory brane crystals, were 
also proposed in [3j and further investigated in [9l|T0] and references thereof. These are quiver 
gauge theories which in 4d do not lead to fixed points and are believed not to describe stable 
D3 branes at toric CY^ cones. It was noted in [IH [T2] that in such cases the fibration has 
fixed points, therefore reducing to type IIA along the circle of the fibre leads to D6 branes at 
the noncompact fixed point loci. The observation led to the proposal that 3d quiver gauge 
theories without 4d parents should be replaced by 3d quiver gauge theories with 4d parent, 
further endowed with fundamental and antifundamental flavours arising from D2-D6 and D6- 
D2 strings. The flavour proposal correctly reproduces the abelian moduli space like the older 
one, but has a number of advantages: it has a string theory derivation, it makes manifest the 
nonabelian flavour symmetries associated to non-isolated singularities, and thus it accounts 
for their partial resolutions. 

This article focuses on a simple yet interesting subclass of such flavoured toric quiver 
gauge theories, namely flavoured ABJM models, which allows a dual construction using 
systems of D3 branes suspended between fivebranes in type IIB string theory. The benefit 
ot this approach, that can only be applied to a subset of the 3d flavoured quiver CS gauge 
theories studied in [llj, is that basic laws of brane physics, such as the s-rule and the D3 
brane creation effect [13], can be used to study 3d Seiberg-like dualities and fractional M2 
branes in M-theory, as in [r4]. In addition, the connection between the flavoured 3d toric 
quiver gauge theories and their toric CY4 geometric moduli spaces, which are metric cones 
over toric Sasaki-Einstein 7- folds I7, is apparent in the dual type IIB brane configurations. 

This analysis allows us to identify, by means of the s-rule of brane dynamics in type IIB 
string theory, the inequivalent 3d superconformal field theories of fiavoured ABJ(M) type 
with given superpotential, CS levels, number of fundamental flavours and smaller common 
gauge rank. These are expected to be dual to AdS^ x I7 backgrounds of M-theory with 
different torsion G- fluxes in I7, because only torsion G-fluxes do not spoil the AdS4^ x Yj 
structure of the background when turned on [U ^\. We identify the 3d SCFTs dual to 
the AdS/i^ X Yj solutions with and without torsion fluxes for two notable Yj geometries that 
have been studied in the literature, namely Q^'^'^ and y^'^(CP ). A similar strategy was 



pursued in [15], where brane configurations preserving twice the amount of super symmetry 
were considered. 

The type IIB result apphes to each representative of the 5-parameter family of flavoured 
ABJ(M) theories. Following ABJ [14J, one may think that the number n of inequivalent 
3d superconformal field theories of flavoured ABJ(M) type with given superpotential, CS 
levels and number of flavours computed in IIB corresponds to the order of the torsion part 
of i?^(l7,Z) for any Yy appearing in the family of geometries under consideration. There 
are however two partially related caveats to this. As we will explain, subtleties appear if 
Y'j is singular, therefore we will mainly focus on smooth Yy, two one-parameter families of 
which appear in our construction. Secondly, one may wonder that our type IIB/fleld theory 
analysis might miss some inequivalent SCFT's with the same geometric moduli space: in 
such a case, the torsion fourth cohomology group would only include the Z„ expected on the 
ground of the type IIB analysis. For reasons explained in section 14.21 we expect the latter 
subtlety to appear only in the presence of singularities in I7, and we conjecture that for 
smooth Sasaki-Einstein geometries i/^^(l7,Z) = Z„. In addition to the matching found for 
the Q^'^'^ and yi'2(Cp2) geometries, we extend the computation oi Hf^,^{Y^^'^{C¥^),'L) in [32] 
to a one-parameter family of smooth I7 which includes y^'^(CP ), and check that the type 
IIB brane computation of n and the algebraic topology computation of -fr^(l7,Z) match in 
such a class, in agreement with the physical expectation. 

The paper is organised as follows. In section [2] we introduce the type IIB construction 
for the three-dimensional version of the Klebanov-Witten theory [16] , flrst without and then 
with vectorlike doubled flavours, using D3 branes suspended on a circle between NS5 branes, 
possibly intersecting D5 branes. In section [3] we review how web deformations of the flve- 
brane systems, which are interpreted as real mass terms for fundamental flavours in the 3d 
gauge theory on the noncompact dimensions of the D3 branes, may be used to flnd brane 
configurations for fiavoured ABJ(M) theories, and relate the flvebrane webs in type IIB to 
the toric diagram of the Calabi-Yau fourfold probed by the M2 branes in M-theory. In section 
m we study the D3 brane creation effect that occurs if the two flvebranes cross each other 
when sliding in the mutually transverse circle direction. This effect and the s-rule determine 
the numerology of duality cascades and the superconformal flxed points of flavoured ABJ 
theories with different gauge ranks, which are conjectured to be related to fractional M2 
branes that are M5 branes wrapped on torsion 3-cycles in M-theory. We provide a check 
of this conjecture for a one-parameter family of smooth Sasaki-Einstein 7-folds appearing in 
the present construction, in addition to the examples of Q^'^'^ and y^'^(CP ), for which the 
cohomologies were computed in the literature. In section [5] we study the interplay between 
fractional M2 branes and partial resolutions of the Calabi-Yau singularity from the viewpoint 
of the type IIB dual. We conclude in section [6] with a summary and an outlook. Finally, 
appendix |X] collects the volumes of two families of smooth Sasaki-Einstein 7-folds that are 



introduced in the main body of the paper, as well as those of their supersymmetric 5-cycles. 

2 Type IIB brane constructions for flavoured 3d KW theories 

In this section we first review how 3d versions of the Klebanov-Witten (KW) quiver gauge 
theories are engineered using D3 branes suspended between NS5 branes in type IIB string 
theory, and then we explain how the type IIB construction accounts for the introduction of 
vector like doubled flavours. 

2.1 3d Klebanov-Witten theory 

Our starting point is a configuration of D3 branes suspended between NS5 branes in type IIB 
string theory, that engineers a U{N) x U{N) 3d Yang-Mills (YM) quiver gauge theory with 
bifundamental matter fields and quartic superpotential, as in its four-dimensional counterpart 
analysed by Klebanov and Witten [16] in the context of the AdS^/CFT^ correspondence. The 
Klebanov-Witten field theory for D3 branes at the conifold was later related in [171 US] to 
a T-dual type IIA brane configuration of D4 branes on a circle intersecting two NS5 branes 
with a relative angle. The type IIB brane construction that we are about to review is related 
to the one of [171 [18] by a T-duality along a field theory direction. We will generalise to 
different ranks later on. 

The setting is type IIB string theory on M^'^ x S^, x^ being a coordinate along the circle 
of radius R^: x^ ~ x^ + 2itRq. Let us initially consider the following brane configuration: 

• an NS5 along 012345 at x^ = x^ = x^ = x^ = 0; 

• an NS5e along 0123[48]e [59]^ at x^ = 2TrRG • 6, x^ = 0, (x^ + ix^) sin 9 = {x^ + ix^) cos 9; 

• iV D3 branes along 0126, wrapping the circle and at x'^ = x^ = x^ = x*^ = x^ = 0. 

When 9 = 0, the two NS5 branes are parallel and the low energy 3d field theory on the 
noncompact dimensions of the D3 branes is the AA = 4 U{N) x U{N) gauge theory with 
Kronheimer necklace quiver with two nodes, in the eight supercharge notation where arrows 
represent hypermultiplets. Each gauge group comes with an AA = 4 vector multiplet with 
YM kinetic term. They decompose into M = 2 vector multiplets and M = 2 chiral multiplets, 
$ transforming in {adj,l) and $ in {l,adj). Moreover there are two bifundamental hyper- 
multiplets corresponding to 3-3 strings passing through each of the solitonic fivebranes: they 
decompose into {Ai,Bl) in (n,n), and (^2,^2) ^^ C^;'^); ^j ^^'^ ^j being J\f = 2 chiral 
multiplets. This brane configuration is T-dual (along x^) to N D2 branes probing the Ai 
singularity, together with a transverse M^. 
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Figure 1: Type IIB brane configuration for tlie 3d KW tlieory. Tlie two NS5 branes are depicted by 
(dashed) blue and red lines, the suspended D3 branes by the black dot. The x^ circle is suppressed. 



When 6^0, the adjoint chiral superfields in the A/" = 4 vector multiplets acquire equal 
and opposite mass m, and the superpotential iql| 



+ -Tt{^') - -Tt{^') . (2.1) 



W = V2Tt [^{AiBi - A2B2)] - \/2 Tr ^{BiAi - B2A2 
Integrating out the massive adjoints, the low energy superpotential is quartic 



W = hTi{AiBiA2B2 - A1B2A2B1) = he'^e"^ Tr{AiBkAjB, 



j^i) 



(2.2) 



with h = —, and preserves an SU{2) x SU{2) non-R symmetry that is not manifest in 
the brane picture, in addition to the f7(l)i? symmetry. Henceforth, we will refer to the 
three-dimensional quiver gauge theory with the matter content previously introduced and 
superpotential (j2.2|) as the three-dimensional Klebanov-Witten theory (3d KW). 

For small angles, m oc tan^, but for large angles such a trigonometric relation is believed 
to receive corrections, so that a quartic superpotential superpotential with h ^ survives even 
for fivebranes at right angles. This is required in order to reproduce the cubic superpotential 
of 7\A = 8 SYM upon diagonal Higgsing U{N) x U{N) — ;> U{N) in the presence of a Fayet- 
Iliopoulos (FI) term [T7j . 

The type IIB brane configuration for 3d KW is depicted in figure [TJ The two NS5 branes 
are separated along the circle direction x^, which is orthogonal to the page. The inverse 
squared Yang-Mills couplings of the two gauge groups are proportional to the lengths of the 
x^ arcs between the fivebranes, and therefore to b and 1 — 6, with b G [0,1]. Setting our 
conventions, we associate the bifundamental fields Ai and Bi to 3-3 strings intersecting the 
blue (dashed) NS5 brane (with the two orientations respectively), and B2, A2 to 3-3 strings 
intersecting the red NS5e brane. This type IIB brane configuration is T-dual (along x^) to 
N D2 branes probing the conifold singularity together with a transverse M in type IIA. 



^In our convention gauge couplings only appear in front of the YM kinetic terms in tlie action, so that both 
the gauge bosons and the chiral adjoints $ and $ have engineering dimension 1. Therefore m is dimensionless 
here, or, in other words, it is measured in units of the squared YM coupling. 
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Figure 2: Type IIB brane configuration, open strings and matter fields (4589 directions suppressed). 

2.2 3d KW theory with vectorlike doubled flavours 

We now proceed to add vectorlike doubleao flavours as suggested in [19] . See also [201 EI] 
and in particular [22] for a careful account. To this aim, we decorate the brane configuration 
presented in the previous subsection (with generic 0^0) with: 

• Fi D5 along 012457 at x^ = x^ = x^ = x^ = 0; 

• F2 D5e along O12[48]0 [59]e7 at x^ = IttRq ■b,x^ = 0, {x^ + ix^) sin 6 = {x^ + ix^) cos 9. 

The -Fi D5 branes along 012457 are split into two halves by the NS5 brane at x^ = 0, therefore 
they contribute a U{Fi)'^ flavour symmetry to the low energy three-dimensional field theory 
on the noncompact dimensions of the suspended D3 braneso Similarly, the F2 DSg branes 
are split into two halves by the NS50 brane at x^ = 2itRq ■ b, thereby providing a U{F2)^ 
flavour symmetry. 

It may be useful to visualise the bifundamental and fundamental matter content in terms 
of open strings as in fig. [2j The resulting matter content of the flavoured gauge theory, 
allowing for generic ranks of the gauge group U{Ni) x U{N2) and with vectorlike flavour 
group [C/(Fi)^ X [7(^2)^] /U{l)diag, is summarised in the following table: 



^We prefer to refer to the SU{Nf) x SU{Nf) flavour symmetry of 3d TV = 2 SQCD with vectorhke flavours 

as doubled rather than chiral, since there is no chiraUty in three spacetime dimensions. 

■^To be precise, these are the global flavour symmetries if the gauge dynamics is turned off. At non- vanishing 

gauge couplings, an overall diagonal U{1) subgroup is not a global symmetry since it acts like the diagonal 

f/(l) gauge symmetry. 
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Figure 3: Type IIB brane configuration for 3d KW with Fi + F2 doubled vectorlike flavours. 





uim) 


U{N2) 


C/(Fi) 


U{F^) 


U{F2) 


U{F2) 


Ai,A2 


D 


□ 


1 


1 


1 




Bi, B2 


D 


□ 


1 


1 


1 




Pi 


D 


1 


D 


1 


1 




Qi 


1 


□ 


D 


1 


1 




Pi 


1 


□ 


1 


D 


1 




Qi 


D 


1 


1 


D 


1 




P2 


D 


1 


1 


1 


D 




Q2 


1 


□ 


1 


1 


D 




P2 


1 


□ 


1 


1 


1 


□ 


92 


D 


1 


1 


1 


1 


n 



Assuming 0^0 and reabsorbing couplings, the low energy superpotential can be written as 
W = Tr{AiBiA2B2 - A1B2A2B1) + 

+ Y^{p,rA,{q,)^ - f;^{p,fB,{q,)p - Y^{p2rA2{q2), + Y.{p2fB2{q2)s , ^^'^^ 

13=1 7=1 



a=l 



<5=1 



where contraction of gauge indices is implied in the second line. We will refer to this quiver 
gauge theory, with YM kinetic terms, as the 3d KW theory with Fi + F2 doubled vector like 
flavours. 

Finally, we draw in fig. [3] the type IIB brane configuration for the 3d KW theory with 
Fi + F2 vectorlike fiavours, in a way that allows comparison to fig. [1] for the unflavoured 3d 
KW theory. From now on the 45 and 89 planes will be suppressed in the figures. The brane 
embeddings in such planes is understood to remain as in figures [T] and [3] (with generic 9^0) 
unless otherwise stated. 
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Figure 4: Quiver diagram of flavoured ABJM theories: circles are gauge groups, squares are flavour 
groups, arrows are chiral superfields in the fundamental representation of the tail and antifundamental 
representation of the head. CS levels are denoted in red. 



3 Toric flavoured ABJ(M) theories 

In this section we explain how web deformations of the fivebrane systems, interpreted as real 
mass deformations in the 3d gauge theory, allow us to obtain type IIB brane configurations 
for quiver gauge theories with the bifundamental matter content of KW, fundamental and an- 
tifundamental matter charged under the flavour group [U{ha) x [/(/i^) x U{hc) x U{hfi)]/U{l), 
and possibly M = 2 Chern-Simons (CS) interactions compatible with gauge invarianceO The 
matter content is summarised in the quiver diagram of fig. U] and transforms in the following 
representations: 
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See [231 [T] for earlier discussions where the resulting field theories lack fundamental flavours. 



The flavour groups U{ha) x U{hb) and U{hc) x U{hd) are subgroups of C/(Fi)^ and U{F2)'^ 
respectively, which remain as global symmetries after the infinite real mass deformation. 
Absorbing couplings, the superpotential is [11] 

W = Ti{AiBiA2B2 - A1B2A2B1) + 

+ |^(pi)"Aife), - f^iPlfB.iq,)^ - J2iP2rMq2h + Y.{P2fB2{q2)6 ■ 

«=1 /3=1 7=1 (5=1 

The CS levels are k = (ki, ^2) = (k, —k) are half-integers or integers depending on whether 
or not the the matter content induces a parity anomaly. Indeed, invariance of the partition 
function under large gauge transformations requires the quantisation law 

±k + ^{ha -h + hc-hd) G Z . (3.2) 

We will refer to this class of theories as flavoured ABJM models, depending on flve parameters: 
the CS level and the number of flavours coupled trilinearly to each of the four bifundamentals. 
As anticipated, the field theories introduced in this section may be obtained from those of 
section [2^2] bv giving real masses to some chiral multiplets charged under the flavour group, 
and integrating them out. Real mass terms in three dimensions have a super symmetric 
description as D-terms of the form 



d^ezU"'^^Z. (3.3) 

Recall that, since the minimal coupling of the chiral superfield Z to a vector superfield V is 

d^eTr(z^e^z) (3.4) 



and V D a 99, where a is the noncompact real scalar in the vector multiplet, the real mass 
matrix receives contributions from the vacuum expectation values (VEV) of the real scalar 
a, both if a is the dynamical field of a gauge vector multiplet or if it is the spurion of a 
background vector multiplet associated to a global symmetry |24j . 

Specifically, we are interested in giving to the eigenvalues of the hermitian adjoint spurious 
of the four fiavour groups aa, CTb, Of. and Od respectively Fi — ha, Fi — hb, F2 — he and F2 — hd 
nonvanishing VEVs. As a result, some of the fiavour fields acquire a real mass. At energies 
smaller than the absolute value of the real mass M^ of a chiral multiplet ip, the massive 
multiplet is integrated out. Integrating out massive fermions generates an effective CS term at 
one loop. For definiteness, let us consider the symmetry breaking U{Fi) — )• U{ha) x ^(1)^^^'^" 
by means of a spurion (aa) = diag(0, . . . ,0,ai, . . . ,ap _j^ ), which we have diagonalised by 
a fiavour rotation. Then, setting to zero the VEV of the real scalar in the gauge vector 
multiplet for simplicity, the last Fi — ha of the fields (pi)" and {qi)a in (|2.3p acquire opposite 
real masses equal to ±(t", . . . ,±0"^ _^ . Once similar real masses are given to the other 



flavours, in the way explained above, the superpotential and matter content of the resulting 
low energy theory is that of p.ip and table above. The CS levels of the low energy theory, 
arising from integrating out the massive multiplets collectively denoted as i}^, depend on the 
signs of the spurionic VEVs, according to the shift 

fci ^ ^i + 2 Z]^ t^2(i?4V']) sign(M^) , (3.5) 

where Ri[tp] is the gauge representation under the i-th. gauge group of a massive multiplet, 
and d2 is twice the Dynkin index of the representation: ^2(0) = ^2(0) = 1. The procedure 
of giving real masses to flavours in a 3d KW theory with doubled vectorlike flavours and 
vanishing bare CS levels and integrating out massive multiplets to end up in a flavoured 
ABJM model ensures that the quantisation condition ()3.2p is fulfilled. 

Real mass deformations coming from spurionic VEVs of real adjoints of the flavour sym- 
metry groups are easily seen in the type IIB brane construction as certain deformations of 
the fivebrane webs of figures [2] and [3l As we explained, the flavour groups U{Fi)^ x U{F2)^ 
are supported by the semi-infinite D5 and Dbg branes extending at X7 < and xj > 0. If 
we want to break U{Fi) — )■ U{ha) x U^i)^^^^" by real masses for Fi — ha of the fields (pi)" 
and {qi)a, for instance, it suffices to pull Fi — ha of the semi-infinite D5 extending at xy < 
up or down, in such a way that they no longer intersect the D3 branes. As a consequence, 
-^1 — ha pairs of 53 and 3'5 strings have a finite minimal length, yielding massive fiavours. 
The sign of the real mass of a flavour fleld is positive or negative according to whether the 
string is oriented upwards or downwards in the 73 plane (compare with the orientations of 
dl])). Therefore our convention is that a half-D5 brane which is pulled down (up) corresponds 
to a positive (resp. negative) eigenvalue of {(Jf)- 

Since such web deformations can be performed separately for each semi-infinite D5 brane, 
either pushing it up towards x^ = +00 or pulling it down towards 3:3 = — c«, in drawing 
the web deformation we will focus on web deformation of an NS5-D5 intersection, with a 
single D5 brane divided in two halves by the NS5 brane. Further web deformations (once the 
additional fiavour branes are reinstated) have analogous effects, as sketched above. The web 
deformations of the NS5-D5 systems that leave some of the flavours massless are shown in fig. 
m together with the spurionic VEVs (o-j) (i = a, 6, c, d) of the real scalar in the background 
vector multiplet of the fiavour symmetry. 

Comparing with figure [3l we can list the deformations of fig. [5] and the effect on the 3d 
field theory as follows: 

• {(^a) < 0: masses nip^ < 0, mq^ > 0. (aa) — >■ —00 =^ 6k = {6ki,5k2) = (— ^,+|). 

• ((7a) > 0: masses rup-^ > 0, m^^ < 0. (da) — )• +00 =^ 5k = (+^, — ^)- 

• {ah) < 0: masses mp-^ < 0, rriq-^ > 0. (o"h) — ;■ — cxd =^ 5k — ' ' ^ ^^ 
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Figure 5: Web deformations (in the 37 plane) of the NS5-D5 system that leave massless favours, and 
corresponding spurionic VEVs. D3 branes intersect the fivebrane webs at the black dot. 
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{uh) > 0: masses mp-^ > 0, rrig-^ < 0. {ah) — )• +cxo =^ 5k - 

{uc) < 0: masses nip^ < 0, nig^ > 0. ((Tc) — )■ — oo ^=^ 5k - 

{uc) > 0: masses nip^ > 0, m^j < 0. {ac) —5- +oo =^ 5k - 

{ad) < 0: masses mp^ < 0, ruq^ > 0. (cr^) — )• — oo =^ 5k 

{ad) > 0: masses mp^ > 0, rriq^ < 0. (ud) — )■ +oo =^ 5k 



2' ^2^* 



2'T^2/- 



T^2' 2/- 



+ 1 _i> 

^2' 2> 



2'^2'' 



As a simple example of a web deformation, we can start with the configuration of section 
with Fi = k, F2 = 0, and pull the k semi-infinite D5 brane on the left down and push 
the k semi-infinite D5 on the right up to infinity: we are thus left with a {k, 1)5 brane and 
the NSSg brane. The resulting quiver gauge theory is an AA = 2 version of ABJM (plus 
YM kinetic terms) with CS levels {k,—k), with the quartic superpotential unrelated to the 
CS level. M = 3 supersymmetry enhancement (leading to AA = 6 in the IR) is achieved by 
setting the angle 6 in the 48 and 59 planes between the (A;, 1)5 brane and the NS50 brane 
equal to the angle arctan k in the 37 planejj The actual value of 6 ^ does not affect the 
algebraic description of the vacuum moduli space. This is the reason why we took the 3d KW 
theory rather than ABJM as a starting point. The two options are clearly equivalent for our 
purposes. Incidentally, notice that pulling a semi-infinite D5 brane in from, say, x^ = +00, 
and then pushing it out to x^ = — cxd (or viceversa) is a way of converting an NS5 brane into 
a (±1, 1)5 brane, thus shifting the CS levels of the gauge theory by plus and minus one unit. 
Thanks to the previous construction, we can finally introduce the type JIB brane config- 
uration that engineers the flavoured ABJM theory with superpotential (j3.ip and CS levels 
{k, —k). It should be noted that given a field theory, the brane configuration is determined 
up to T-transformations in the S-duality group of type IIB, that leave D5 branes invariant. 
We fix this ambiguity with a particular choice that makes contact with [llj. To this aim, let 
us introduce the following notation: 

NL = ha + he (3.6) 

NR = hh + hd (3.7) 

h = k-]^{NL-NR) (3.8) 

h = k + ]^{NL-NR) = h + NL-NR, (3.9) 

so that 

k = ^— . (3.10) 



^We assume here for simplicity that the axio-dilaton is at the self-dual value r = i. See [2S] for the 
generalisation. 
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{h + ha-hb,l) {hd-hc,l) 



\ 



/id(l,0)\/\Jic(l,0) 



{h,l) 



/\ 



(0,1] 



hb{l,0) 



Figure 6: 5-brane configurations in tlie 37 
plane for flavoured ABJM. Tlie plot is for h — 
2 and {ha,hb,hc,hci) = (1,4,1,2). Suspended 
D3 branes are represented by the black dot 
intersecting the fivebrane junctions. 




X 

Figure 7: Toric diagram of the conical Calabi- 
Yau fourfold dual to the fivebrane system of 

fig- El 



Incidentally, note that in the abelian U{l)k x U{l)^k 3d gauge theory the charges of bifun- 
damental fields and diagonal monopole operators T and T are [TT] 



(3.11) 



and the quantum corrected F-term relation between monopole operators and bifundamentals 
reads 





A^ 


Bj 
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U{1),^, 


1 


-1 


h 


-h 


f/(l) n+n 

2 
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1 


-h 


h 



TT 



Aha^htJ^h.^K 



(3.12) 



The type IIB brane configuration can be taken to be as in fig. El as can be checked by suitably 
web-deforming the configuration of fig. [3] and following the result in the 3d field theory. 

These three-dimensional field theories flow to infrared fixed points at which the YM kinetic 
terms disappear. The geometric moduli spaces of (the abelian version of) such superconformal 
field theories (SCFTs) are conical toric Calabi-Yau (CY) fourfolds |11) . which are dual to the 
type IIB fivebrane system. More precisely, the type IIB system of two webs of fivebranes 
at an angle is dual to M-theory on the toric Calabi-Yau cone, and D3 branes probing the 
fivebrane system are dual to M2 branes probing the local Calabi-Yau. Given a torically 
fiavoured ABJ(M) field theory specified by the previous data, the toric diagram of the toric 
CY4 singularity which is the geometric moduli space of the SCFT has the following set of 
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points in 1?\ 

afe+, = (0,0,/i + i), 6j = (0,l,j), Q = (l,l,/), d„ = (l,0,m), (3.13) 

where i = 0, . . . , ha, j = 0, . . . , hf,, I = 0, . . . , h^ m = 0, . . . , hii. See figure [7] for tlie toric 
diagram of the Calabi-Yau fourfold dual to the fivebrane system of fig. El We will elaborate 
on the relation between toric diagram and fivebrane webs in section 13.21 

3.1 Z2 actions 

Charge conjugation takes particles into antiparticles, and leaves CS terms invariant. If we 
combine it with the interchange of A and B (and of the corresponding flavours), namely if 
we consider the Z2 action 

I : Ai^BJ , pi^ q\ , g, o p\ , (3.14) 

we get a new flavoured ABJM field theory, with the same CS level k and gauge group 
ranks, but the ranks of the flavour groups are interchanged: {ha, he) ^ {hi),hd). Therefore 
Nl o Nh, and h ■h^ h. Clearly the geometric moduli space of the field theory does not 
change under this Z2 action, as can be easily verified. 

On the other hand, parity (P) flips the sign of CS levels k -H- —k, keeping flavour and 
colour groups fixed, therefore it acts on the field theory as /i -f-T- —h, leaving ha, hi,, he, h^ fixed. 
It effectively interchanges the diagonal monopole operators, as implied by the pseudoscalar 
nature of the dual photon. Again the geometric moduli space of the field theory does not 
change under this Z2 action. 

In both cases a suitable SL{A,'L) transformation maps the toric diagram of the initial 
theory into the one of the final theory, with the z axis reversed. 

3.2 Fivebrane webs, toric CI4 and IIA configuration 

It is worth remarking how the fivebrane systems and the toric diagram of the toric Calabi- 
Yau fourfold are related. As well known, a web of {p,q)5 branes in type IIB string theory 
is dual to M-theory on a toric Calabi-Yau threefold whose toric diagram is the dual graph 
to the web diagram [261 127] rl A completely web-deformed {p,q)-weh, such that all the 
junctions are between three fivebranes whose {p, q) vectors are primitive, is dual to a complete 
triangulation of the toric diagram, corresponding to a crepant resolution of the toric CI3 
cone. Blowing down all the exceptional cycles corresponds to reducing the {p, q) web to 
have a single junction, from which only semi-infinite fivebranes emanate. Displacing subwebs 
at equilibrium transversely to the plane of the web is dual instead to a complex structure 
deformation of the CI3. 



See also [23 for a recent discussion focused on dualities. 
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The setup we are studying involves two fivebrane webs. Each one in isolation is dual to a 
toric CY^. The whole fivebrane system is dual to M-theory on a toric CI4 that was derived 
in [11] analysing the field theory (which in turn was motivated by reduction of M-theory 
on the fourfold to type IIA). The toric diagram of this fourfold can be sliced in two layers 
orthogonal to the x axis. Each of the vertical layers (at x = and x = 1 respectively) is the 
toric diagram of a toric CY^ which is dual to one of the {p, q)5 brane websO Compare figures 
[6] and [7] for an example. 

Minimal web deformations that move a single semi-infinite D5 brane to x^ = ±00, which 
are interpreted as infinite real mass terms for a single fiavour pair in the 3d field theory, 
remove a single point in the toric diagram, either the one at the top or the one at the bottom 
of a vertical column. 

On the other hand, one could also consider a web deformation that moves a minimal 
subweb containing two semi-infinite {p, 1)5 branes with different p (together with the semi- 
infinite D5 branes that are joined to them by charge conservation) to x^ = ±00. This is 
interpreted as an infinite FI term forcing a VEV for one or the other bifundamental (say Ai 
or Bi) associated to the fivebrane in the 3d field theory. The VEV gives a complex mass to 
the fiavours coupled to the bifundamental. An entire column is removed in the toric diagram, 
leaving the toric diagram of the geometric moduli space of AA = 8 SYM with a certain number 
of AA = 2 preserving massless flavours. 

The type IIB brane cartoon also encodes the data of the type IIA background which arises 
after reducing M-theory along a circle action corresponding to the vertical direction in the 
toric diagram [8l[TT]: the type IIA configuration is obtained from the type IIB configuration 
upon T-duality along the x^ circle direction transverse to the fivebrane webs. It involves a 
(resolved) conifold fibred over a real line, with RR F2 form flux though the CP^, and ha, 
hf), he and h^ D6 branes embedded respectively along the four toric divisors of the singular 
conifold lying over the origin of the real line [11]. The real line in IIA corresponds to the 
x^ coordinate in IIB. The Kahler parameter x(^'^) of the 2-cycle of the conifold depends 
piecewise linearly on the coordinate x^ of the real line. It can be read off in the IIB brane 
cartoon from the difference in the x^ coordinates of the two fivebrane webs at a given x^, see 
figure [6l 

{hx'^ x"^ > 
(3.15) 
hx^ , x^ < 

The RR 2-form flux through the 2-cycle is constrained by supersymmetry to equal the first 



^These layers are vertical because the vertical direction in the ambient space of the toric diagram is related 
to the U{1) isometry of the M-theory circle, in the mirror symmetry frame we are working in. 
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derivative x'(^^) 

1 /■ . \ h . x^ > 

(3.16) 
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[ F2 


= X'ix') = 


h, 
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x^ >0 


2tt 


ycpi(x3) 




h, 


x^ <0 



and is therefore constant in x^, with a jump at the location of the D6 branes x^ = 0. 

We end this section with some brief comments on the action of the S-duahty group 
SL{2, Z) in type IIB and mirror symmetry of three-dimensional gauge theories. If the special 
linear matrix 

M= (" I G SL{2,Z) (3.17) 



c d, 



acts on the fivebrane charge vectors as 



"]^m"]. (3^1B) 



then points in the 3d toric diagram are acted upon as 

fx\ /l o\ fx\ 

y 

v) 



y 



(3.19) 



d -c 
\^0 -6 a ) 

which is an S'L(2,Z) transformation in the {y,z) plane. In particular, the effect on the 
toric diagram of the S-transformation can be visualised as a 7r/2 rotation about the x axis. 
The action on the three-dimensional field theories is to interchange mirror symmetric field 
theories. By these means, it is quite simple to find mirror symmetry pairs among simple 
flavoured ABJM models and flavoured versions of A/" = 8 SYM. For instance, the gauge 
theory for M2 branes at the D3 singularity can be equivalently described by the 3d KW 
model with a flavour pair coupled to one of the A bifundamentals and a flavour pair coupled 
to one of the B bifundamentals, or by A/" = 8 SYM theory endowed with a single flavour pair 
coupled to each adjoint chiral superfield (explicitly breaking supersymmetry down to AA = 2) 
|11] . Similarly, the ABJM quiver theory with CS levels ±1 and with a flavour pair coupled 
to one of the A bifundamentals and a flavour pair coupled to one of the B bifundamentals 
is IR dual to the ABJM quiver theory with levels ±1 and one flavour pair per each of the A 
bifundamentals . 

On the contrary, the T-transformation that leaves D5 branes invariant only modifies the 
RR charge p of [p, 1)5 branes, hence it acts trivially on the three-dimensional field theory. 

4 D3 brane creation and fractional M2 branes 

In this section we move to the study of the brane creation phenomenon — also known as 
Hanany-Witten (HW) effect |13] — that occurs when the two fivebrane webs of section [3] 
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cross each other when shding in the mutually transverse x^ direction. The brane creation 
phenomenon is related to the "s-rule" that determines the maximal number of D3 branes that 
may be suspended between two fivebranes of different charge compatibly with supersymmetry. 
In elliptic models such as the ones under investigation, where the transverse x^ direction is 
periodic, a modified s-rule applies, that follows from imposing the ordinary s-rule on the 
covering space of the circle [291 EO] • 

This analysis, inspired by O [291130], allows us to determine the number of inequivalent 
SCFTs for a given quiver gauge theory with superpotential (jS.ip (with fixed matter content, 
CS levels and minimal common gauge rank), and to draw some conclusions on duality cascades 
that lead to such supersymmetric IR fixed points. 

4.1 D3 brane creation 

We begin the analysis with the creation of D3 branes when the two fivebrane systems of fig. 
[6] cross each other as they slide along the mutually transverse x^ direction. 

Recall that when two linked (pi, q\)^ and (p2, '72)5 branes cross, \p\q2—V2(l\\ D3 branes are 
created between them, oriented in the x^ direction in the way that preserves supersymmetry, 
due to the Hanany-Witten effect [31]. The situation we are interested in is more complicated 
as it involves fivebrane junctions. In order to avoid double counting, we resort to the trick 
of slightly displacing the junctions of the two fivebrane webs in the 37 plane in such a way 
that there are only (possibly several) intersections of (pi,Q'i)5 and (^2,^2)5 branesjfl We then 
determine the total number n of D3 branes that are created between the two fivebrane webs 
at the intersection points in the presence of this displacement, by applying the s-rule of [SlJ. 
We stress that this is only a trick. We are mostly interested in the configuration where there 
is a single intersection point at x^ + ixP = 0, which we can recover in the limit of vanishing 
deformation (see however section [5]). The limit is continuous, as the total number of D3 
branes created at intersections is independent of the displacement vector. In the limit of 
vanishing displacement all the D3 branes are created at x^ = x"^ = x^ = xP = x^ = x'^ = 0, 
and span 012 as well as an interval between the two fivebrane systems along x^ . 

With the fivebranes of fig. [6l the total number n of D3 brane created depends on the 
relative orientation between the (/i, 1)5 and the (0, V)hQ branes extending from x^ = — oo and 
between the {h + ha — h^,, 1)5 and the (/i^ — he, l)5e branes extending to x^ = +00, see fig. 
Those relative orientations are determined by the signs of h and h = h + ha — hb + he — h^, 
and the result for the total number of D3 branes created by HW effect as the fivebranes cross 
each other is: 

1. h > 0, h >0: n = h + ha + he = h + hb + h(i D3 branes are created; 



*In terms of the 3d field engineered by the brane system, the displacement between the two junction is 
interpreted as a FI term or a mass term for flavours. 
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Figure 8: Fivebrane configurations and brane creation effect for flavoured ABJM models: staciis of 
suspended D3 branes are created at the blade dots when the two fivebrane systems cross each other. 



2. h > 0, h <0: n = h^ + h^ D3 branes are created; 

3. /i < 0, /i > 0: n = ha + he D3 branes are created; 

4. /i < 0, /i < 0: n = —h + hf, + h^ = —h + ha + he D3 branes are created. 
Using the notation of formulae (|3.6|) - (|3.9p . we rewrite these four cases respectively as 

1. k>+^\NL- Nr\: n = k + ^{Nl + Nr) D3 branes are created; 

2. |A;| < i {Nr — Nl): n = Nr D3 branes are created; 

3. |fc| < ^ {Nl — Nr): n = Nl D3 branes are created; 

4. A; < -i \Nl - Nr\: n = -k + \{Nl + Nr) D3 branes are created. 

The latter notation is useful if one is interested in engineering 3d AA = 2 U{Nc) CS-SQCD 
with fundamentals and antifundamentals in arbitrary numbers, by stretching Nc D3 branes 
between the two fivebrane webs along an interval of an x^ line. 

Note that the Z2 actions of section [XT] act as follows on the previous classes: 



P: (1,2,3,4)^(4,2,3,1), 



I: (1,2,3,4)^(1,3,2,4) 



(4.1) 
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4.2 Fractional M2 branes and inequivalent SCFTs 

Choosing a fivebrane configuration among those in fig. [6] amounts to selecting a specific three- 
dimensional quiver gauge theory with superpotential (j3.ip . determined by the CS levels and 
the ranks of the flavour group. The number of D3 branes A^i and A'^2 suspended along the 
two intervals between the fivebranes specifies the ranks of the gauge groups, so that the 3d 
field theory is a U{Ni)k x U{N2)-k quiver gauge theory. 

When Ni = N2 = N, namely when there are N D3 branes wrapping the circle and no D3 
branes on an interval, the field theory flows to an AA = 2 supersymmetric IR fixed point, which 
describes the low energy physics on a stack of N M2 branes at a toric conical Calabi-Yau 
fourfold C{Yi) arising as the geometric moduli space of the conformal field theory. Such a 
fixed point has a large A^ Freund-Rubin holographic dual in M-theory of the form AdSi x I7, 
where Yj is a toric Sasaki-Einstein 7-manifold (or orbifold). The rank N in the field theory 
translates to the 7- form flux *iiG on I7 in M-theory. The M-theory background is the near 
horizon limit of A^ M2 branes at the CY4 singularity. 

The discussion so far has paralleled what happens in the AdS^/CFTi^ correspondence, 
where a fixed point is reached only if the ranks of all the gauge groups in the quiver are 
equal, corresponding to having only regular D3 branes probing a conical Calabi-Yau three- 
fold in type IIB string theory. A novelty of the AdS^/CFT^ correspondence, however, is that 
H'^{Yi,Zi) may have nontrivial torsion, as opposed to simply connected toric Sasaki-Einstein 
5-manifolds, whose cohomologies have no torsion [32j . If a flat torsion G-flux is turned on, 
the BPS equations for vanishing supersymmetry variations and the Bianchi identities, which 
together imply the equations of motion, are still satisfied. If the order of H^^j.{Yy,7j) is n, 
then there are n distinct AdS/j^ x I7 M-theory backgrounds with the same non-torsion flux 
but different torsion G-flux [TJ] : each unit of torsion G-flux is due to the backreaction of a 
fractional M2 brane which is an M5 branes wrapped on a torsion 3-cycle. These backgrounds 
are dual to n distinct conformal field theories, which in the classic example of [H] are char- 
acterised by different ranks of the gauge group, with the same (common) minimal rank equal 
to the fixed number A^ of regular M2 branes. The existence of a dual type IIB brane con- 
struction allowed the authors of [14J (ABJ) to compute the number n of inequivalent SCFTs 
with the same geometric moduli space: it was given by the number of D3 branes created in 
a Hanany-Witten transition in the type IIB engineering. 

A similar reasoning carries over into the flavoured ABJ models studied in this paper. The 
number n of inequivalent SCFTs with given flavoured ABJ quiver, CS levels, superpotential 
(j3.ip and common gauge rank is expected to equal the number of D3 branes which are created 
in a Hanany-Witten transition in the type IIB engineering, that we computed in section 14.11 
|14j . The explanation is identical to the one presented in [14j , and later refined in [29^ [30] , 
except that here the number of D3 branes created in a HW transition does not necessarily 
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equal the absolute value of the CS level. We refer the readers to those references and to 
the recent article [33] which contains a nice review, and content ourselves with making some 
remarks and then stating the results of such an analysis. 

The geometric moduli space C(l7) of the 3d flavoured J\f = 2 SCFT (and therefore the 
dual AdS/i x Y^ geometry) is determined by the type IIB fivebrane configuration, which also 
determines the matter content of the flavoured ABJ quiver, the CS levels and the superpo- 
tential (|3.ip . up to a possible subtlety that we discuss below. The different superconformal 
field theories defined by those data are distinguished by the ranks of the gauge groups, cor- 
responding to the number of D3 branes suspended between the fivebrane webs along the two 
arcs of the type IIB circle. D3 branes wrapping the circle are dual to regular D2 branes in 
IIA, which lift to regular M2 branes in M-theory. D3 branes extending along an interval only 
are dual to fractional D2 branes in IIA, namely D4 branes wrapping the vanishing CP^ of 
the conifold (or wrapped anti-D4 branes with one unit of worldvolume gauge flux), and lift 
to M5-branes wrapping a 3-cycle in M-theory. The wrapped 3-cycle must be a torsion cycle 
if the fleld theory is superconformal and has an AdS^ dual, otherwise the M5 brane would 
source a G-fiux which spoils the AdS/^ geometry. 

Given a fivebrane configuration as in fig. [6l the number of D3 branes created in a HW 
transition n depends on the CS level and the ranks of the flavour groups in the way computed 
in the previous subsection. As we wrote, this same n is the number of inequivalent SCFTs for 
a given quiver gauge theory with fixed CS levels zt/c, number of flavours {hp} {F = a, 6, c, d), 
minimal gauge rank A^ and superpotential 13.11 More precisely, the SCFTs have gauge sector 
U{N -\- M)k X U{N)_i;, with M = 0, 1, . . . ,n, and are infrared dual to theories with gauge 
sector U{N-\-n—M)^k x U{N)i:, so that M = n is equivalent to M = 0. For later convenience, 
we denote such theories as lying in the conformal window, which is \Ni — N2\ < n. This is 
nothing but the outcome of the naive s-rule that does not take into account the fact that 
the x^ direction is a circle [Hj . Note that the previous equivalence relates quivers in the 
conformal window, with the same minimal rank Nmin = ^■ 

In light of the results on the conformal window found in the type IIB brane construction 
and the remarks made above regarding the duality to M-theory and torsion G-fluxes, we 
expect that Hfg^{Yj,Z,) 5 Z„, where Yj is the Sasaki-Einstein link of the toric CI4 cone 
dual to the fivebrane system, and n the number of D3 branes created in the Hanany-Witten 
effect that we calculated in the previous section. We wrote 5 rather than = because we are 
considering the possibility that we are missing some SCFTs dual to AdS4 x I7 geometries. 

On the gravity side, the case of singular I7 is subtle because supergravity must be sup- 
plemented with additional fields, and purely geometric and topological considerations may 
fail. On the field theory side, when both A and B fields are coupled to flavours, it is possible 
to switch on complex masses for some of the fundamental flavours, leading to a different 
low energy field theory with flavours coupled to composite bifundamentals such as AB in 
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the superpotential, and a smaller flavour syminetry. The geometric moduli spaces of the 
resulting field theories appear to coincide with those of the theories before mass deformation 
|llj . although it is not entirely clear in field theory that the mass deformed theories have a 
fixed point. The possibility of adding complex masses for vectorlike flavours occurs when the 
CI4 cone has non-isolated singularities, and corresponds to turning on higher dimensional 
fields living at the non-isolated singularity. In view of to these issues, we cannot exclude 
that when I7 is singular the number of field theories dual to AdS4 x Yj backgrounds of given 
curvature is larger than the number of superconformal field theories that we found in type 
IIB in the context of the class defined by p.ip . We will address further issues arising when 
I7 is singular in section W^ 

On the other hand, if I7 is smooth the issues mentioned above disappear. In particular, 
the field theory appears to be uniquely determined by the fivebrane embedding in IIB, or 
equivalently by the IIA background with D6 branes. It seems then reasonable to conjecture 
that in such cases the type IIB brane analysis captures all the field theories dual to AdS4 x Yj 
backgrounds of given curvature, differing by torsion G-fluxes: if so, Hf^^{Yj,Z) = Z„, where 
n is the number of D3 branes created in a HW transition in type IIB. In section [^31 we will 
present two one-parameter families of smooth Yy geometries arising in our construction, and 
we will check our conjecture in one of them containing y^'^(CP ), as well as in Q^'^'^. 

4.3 Duality cascades 

If the gauge ranks in the UV N^^ and N2^ lie outside the conformal window, the fate of the 
theory depends on whether or not the modified s-rule of [291 [30] is satisfied. The modified 
s-rule is just the ordinary s-rule applied to the covering space of the circle, so that at most n 
D3 branes can be attached to a fivebrane and any image of the other fivebrane in the covering 
space. Let us assume that in the UV N^^^ > N2^, which can always be achieved by choosing 
an appropriate parity frame, and define N^^ = N!^'^ and M^^ = N^^ — -^2^^, so that we 
start at high energy with a quiver whose gauge sector is U{N +M )k x U{N )-k- The 
modified s-rule then reads 

2nN^^ > M^^{M^^ - n) . (4.2) 

If it is satisfied, it is natural to conjecture as in |29^ [30] that the UV field theory fiows to one 
of the SCFTs in the conformal window by a cascade of Seiberg dualities, which decrease the 
minimal common gauge rank A^ and the difference of ranks M. 

If the flavour content of the quiver gauge theory is vectorlike, this Seiberg duality is the 
one of |34j or [35j. If instead the number of fundamentals does not equal the number of 
bifundamentals, such 3d Seiberg dualities need to be generalised. Study of the HW brane 
transition between two fivebrane webs as in fig. [H] suggests that the electric 3d A/" = 2 
U{Nc)k YMCS SQCD with Nr fundamentals and Nj^ antifundamentals should be dual to 
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a magnetic U{n — Nc)-k SQCD with Nji antifundamentals and A'^^;, fundamentals, likely 
together with dual meson singlets and a magnetic superpotential, and with n as computed in 
the previous subsection. It is harder to read the magnetic singlets and superpotential off the 
type IIB construction with fivebrane webs, although we expect them to appear (whenever 
electric mesons exist) for consistency with known 3d Seiberg dualities. The study of this 
more general 3d Seiberg duality, which can be carried out by following the effect of real mass 
deformations on the aforementioned known dual pairs, is under current investigation and will 
be presented separately [36] . 

For now, suffice it to focus on its effects on the ranks of the gauge groups, which is easy 
to extract from the brane construction. Under m such Seiberg dualities towards the IR, 

(iV, M) — > (N- mM + — i — —^ n, M - mn) . (4.3) 

As in [SHI [30], the modified s-rule ()4.2p is invariant under Seiberg dualities ()4.3p . which are 
realised as dynamical HW transitions in the type IIB engineering. The excess of D3 branes 
on one interval pulls the fivebranes thereby reducing b. Every time b reaches an integral 
value, a dynamical HW transition (Seiberg duality) occurs. The cascade continues until the 
conformal window is reached, after which the distance b between the fivebranes asymptotes 
a definite value. 

In the type IIA T-dual frame, the same RG flow should be described by a supergravity 
solution for (decoupled) regular D2 branes and fractional D2 branes on the conifold flbred 
over a transverse line, with ha, h^, he and /i^ D6 branes along each of the four toric divisors of 
the conifold respectively. The fractional D2 branes are D4 branes wrapped on the vanishing 
2-cycle of the singular conifold. In the absence of fractional D2 branes, the holographic RG 
flow solution develops a large effective string coupling in the IR. In that region the solution 
is best described in M-theory where the M-theory circle opens up, and asymptotes AdS4 x Yj 
without torsion flux. In the presence of a number of fractional D2 branes such that the naive 
s-rule is not satisfied, the period of the i?-field on the exceptional P^ of the conifold 

^ ^ B2 (4.4) 



runs and crosses integer values at which fractional D2 branes become tensionless, correspond- 
ing to infinite YM coupling for one of the gauge groups in the dual field theory, after which 
one needs to resort to a Seiberg dual description. The transition corresponds to a decrease 
in the number of both regular and fractional D2 branes, as in ()4.3p . Still, the solution for the 
holographic RG flow is expected to have an M-theory lift which asymptotes AdS4^ x I7 with 
torsion flux (unless the RHS of ()4.2p vanishes) : there are as many units of torsion G-flux on 
Yi as the number of fractional M2 branes which survive in the IR modulo n. We stress that 
the fractional M2 branes that we refer to here are M5 branes wrapped on torsion 3-cycles, 
not on any supersymmetric 3-cycles. 
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If instead the gauge ranks violate the modified s-rule, the RG flow may still involve a 
duality cascade, but a nontrivial IR fixed point is not reached. The sequence of Seiberg 
dualities leads to A^ < before reaching < M < A^. Supersymmetry is expected to be 
broken when this happens. 

We should mention at this point that, at least in the quiver gauge theories with vectorlike 
flavours, for which the effect of 3d Seiberg duality is well established, due to the superpotential 
()2.3p some of the singlets which are generated under Seiberg dualities do not acquire a mass, 
and remain as light degrees of freedom, coupled to the magnetic flavours via superpotential 
terms o See [37] for an analysis of this phenomenon, originally performed in the context 
of a 4d flavoured Klebanov-Strassler theory. The trilinear superpotential coupling between 
each of the singlets appearing after the last Seiberg duality and flavours can potentially be 
marginal at the IR fixed point. If so, the full superpotential at the fixed point would depend 
on whether or not the gauge theory has undergone Seiberg duality during the RG flow. It 
would be interesting to investigate this peculiarity in more depth, and understand whether 
it increases the number of inequivalent superconformal field theories. 

We remark that if the quiver gauge theory has vectorlike flavours, the geometric moduli 
space is a Calabi-Yau fourfold with non-isolated singularity, and the generation of singlets is 
related to this fact. A detailed discussion of this aspect from the point of view of intersecting 
flavour branes can be found in [37j. Conversely, absence of non-isolated singularities requires 
the dual quiver gauge theory to have only fundamentals (or only antifundamentals) for each 
of the gauge groups, as will be explained in section 14.51 In such a situation, no dual singlets 
can appear in 3d Seiberg duality and the subtlety is avoided. 

4.4 Caveat: fractional brane branches 

In some of our flavoured model there is an important caveat to the conclusion that the RG flow 
ends up either in a nontrivial SCFT or in supersymmetry breaking. This applies whenever 
D3 branes may be suspended between two fivebrane segments with the same charges and 
(locally) with the same embedding in the 37 plane. A necessary condition for this to happen 
is that the Calabi-Yau fourfold in M-theory has a non-isolated singularity. In such a situation, 
the s-rule does not apply [23]: classically, any number of D3 branes can be suspended between 
two fivebranes with the same charges. However, an instanton generated superpotential |38j 
generically lifts this classical Coulomb (or magnetic Coulomb) branch parametrised by the 
motion of fractional branes along the non-isolated singularity. Suppose for definiteness that 
in the type IIB brane picture the two fivebranes are NS5; then the elementary instantons, 
which are monopole configurations, are Euclidean Dl branes stretched between two adjacent 



^As in 4d, after m Seiberg dualities there are order m singlets. However, all but the singlets which resulted 
from the last Seiberg duality are only coupled via irrelevant superpotential terms, and therefore can be ignored 
if one is interested in the IR limit of the RG flow as we are. 
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D3 branes and the NS5 brane [39j . The vector muhiplet provides two fermionic zero modes 
in the background of an elementary instanton/monopole, and the monopole contributes a 
runaway term to the superpotential, hfting the whole classical Coulomb branch of fractional 
D-branes. If instead the Euclidean D-string intersects a flavour semi-infinite D5 brane there is 
no contribution to the superpotential, because the flavour fields furnish additional fermionic 
zero modes; then a moduli space for fractional branes can survive, even after taking into 
account all the nonperturbative corrections to the superpotential [401141]. This requires that 
a number of D3 branes compatible with the (modified) s-rule stretches between a fivebrane 
junction and the other fivebrane (possibly with a junction too), and that at most onq^j D3 
brane is suspended between any two segments of equally charged fivebranes. 

These potential fractional brane branches deserve further thought. It is an interesting 
question to ask what happens in the limiting case of vanishing VEV in one such branch, 
provided it exist. We are considering the case where a mobile suspended D3 brane reaches 
the stack of the other D3 branes which are suspended between two junctions or a junction 
and a fivebrane. Is the final configuration still restricted by the s-rule for fivebrane junctions 
that we derived for fivebrane junctions as a limit of the s-rule for fivebranes, or not? We are 
pondering this possibility because we are worried that the analysis of sections 14.11 and 14.21 
may be too naive when a D3 brane stretched along an interval can leave a junction and move 
along along fivebranes of the same charges which are parallel in 37. 

If the final configuration does not break the s-rule for D3 branes ending on fivebrane 
junctions that we used in the previous section, we are confident that it corresponds to a 
conformal field theory. If however the initial configuration saturated that s-rule, then the 
possibility of having one more D3 brane, violating the bound by one unit|^ yet yielding a 
super symmetric conformal field theory, would be puzzling: it would seem, by iterating the 
same argument, that in this situation there is no upper bound on the number of inequivalent 
SCFTs. It is not hard to convince oneself that this possibility is not tenable, by checking 
against an example where the dual field theory was carefully studied. The example that we 
employ to this aim is a type IIB brane engineering of 3d AA = 2 U{Nc) SQCD with Nf flavours 
by means of Nc D3 branes stretched between two identical flvebrane webs (at an angle) made 
of a single junction of an NS5, Nf D5 and an (Nf, 1)5, all semi-infinite. The naive s-rule for 
fivebrane junctions that we derived as a limit of the s-rule for fivebranes precisely accounts 
for the conformal window Nc < Nf |24l [35] . 

The phase structure of 3d A/" = 2 SQCD also suggests a way out to the puzzle that the limit 
of a supersymmetric branch could be not super symmetric. When A'^^ = Nc — 1, the vacuum 
moduli space, which classically consists of intersecting Coulomb and mesonic branches, is 
smoothed out by a quantum deformation. As a result, supersymmetry is not broken, but 



^°At most one in order for the monopoles not to lift the branch. 

^'^For later convenience we call this situation a minimal violation of the s-rule. 



24 



the field theory does not reach a nontrivial fixed point. Notice that in terms of the brane 
construction, this is precisely a situation of minimal violation of the s-rule: perturbatively, 
Nf = Nc — 1 D3 branes are allowed to be suspended between the two junctions, and another 
D3 to be mobile elsewhere. When A'^^ < A'^c — 1 supersymmetry is instead broken. We expect 
a similar smoothing of fractional brane moduli spaces to happen more generally when there 
is AA = 2 supersymmetry and a minimal violation of the s-rule. 

One might wonder in fact that the limit of vanishing VEV considered above does not 
actually exist in cases that marginally violate the s-rule: this would happen if in such cases 
the fractional brane branch of the moduli space is deformed at the quantum level, so that 
it no longer intersects the origin of the geometric branch, which on the other hand is not 
deformed. A somewhat similar phenomenon to the one that we are envisaging occurs for 
fractional D3 branes of AA = 2 type (which are D5 branes wrapping a vanishing non-rigid 
2-cycle, with a one-complex-dimensional moduli space) in the AdS^/CFT^ correspondence: 
the Calabi-Yau threefold is not deformed, but the fractional branes source and transmute 
into a twisted sector flux along the non-isolated singularity, which does not allow them to 
coincide |42^ HSj [HI H5] . Here we are also discussing fractional branes which are mobile at 
non-isolated singularities, and we are imagining that the phenomenon that occurs for J\f = 2 
fractional D3-branes in type IIB happens as well in M-theory for M5 branes wrapped on 
vanishing 3-cycles (mobile along non- isolated singularity), when they exceed by one unit the 
number of torsion 3-cycles. The situation in M-theory is much less clear than in type II string 
theory, and it is hard to go beyond these qualitative analogies. It would be very interesting 
to pursue these thoughts further, perhaps studying the field theory side which is under better 
control. 

4.5 Fractional M2 branes and torsion G-flux: smooth SEj geometries 

We conclude this section applying the analysis of subsections 14.11 and 14.21 to smooth Sasaki- 
Einstein 7-dimensional geometries. Among the toric CI4 cones which are the geometric 
moduli spaces of flavoured ABJ(M) theories that we have studied, some only have an isolated 
singularity, so that the link of the cone is a smooth Sasaki-Einstein 7-fold. A necessary and 
sufficient condition for the absence of non-isolated singularities is that all faces of the toric 
diagram are triangles, and the toric diagram contains no points inside faces or edges — 
namely, all the integer points are vertices of the polyhedron — |32] . 

Among the 3-dimensional toric diagrams that project to the toric diagram of the conifold, 
the class that we are studying, there are two one-parameter families that satisfy the previous 
requirement. The first one has the toric diagram 

ah = {0,0,h), ah+i = {0,0,h + l), 60 = (0,1,0), co = (1,1,0), do = (0,1,0), (4.5) 

where we can take h > 1 without loss of generality, see fig. [9l The corresponding GLSM has 
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Figure 9: Toric diagram for L^'^'^^^. 



Figure 10: Toric diagram for Y^ 
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The hnks of the cones are smooth Sasaki-Einstein 7-folds which span a one parameter sub- 
family L^'^^'^'^ of a four parameter family _LP>'3>''i'^2 Qf smooth toric Sasaki-Einstein 7-folds 
whose metrics were found in [46j. The GLSM for the 4-parameter family of toric Calabi-Yau 
fourfolds with isolated singularities has charges {—p, —q,ri,r2,p + q — ri — r2). Note that 
when h = l, the Sasaki-Einstein reduces to L^'^'i-i = ^^'^(CP^). 

The dual gauge theories have ABJ(M) quivers, with CS levels {h + ^,—{h + ^)), a single 
flavour pair coupled to the bifundamental Ai, and superpotential p.ip with ha = 1 and 
hb = he = hfi = 0. According to the discussion of section [31 we expect h + 1 inequivalent 
conformal field theories of this kind, for any given h > 0. Since there is no freedom to 
change these field theory data compatibly with the fivebrane configuration, according to the 
conjecture laid out at the end of section \^?2\ we expect that Hf^^.{L^'^^^'^'^ ,Z) = T^h+i- Note 
that in the case h = 1 the 7-fold is L^'^'^'"*^ = ^"'^'^(CP^), which has Z2 torsion in the integral 
H^ [481 I32j ■ in agreement with the expectation. We will check the conjecture for this family 
in the following. 

The toric diagram of the second family of toric CI4 cones with isolated singularity has 
vertices 

ah = {0,0,h), ah+i = {0,0,h + l), 60 = (0,1,0), 

(4.7) 
CO = (1,1,0), ci = (1,1,1), do = (0,1,0), 

with h 7^ —2,0 (otherwise the singularity is not isolated). The GLSM has charges 

ah Oft+i Co ci bo do 

(4.8) 
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h > 1 and h < —3 are equivalent, therefore we restrict our attention to the one parameter 
family h > 1 and to the exceptional case h = —1, which is the cone over Q^'^'^. For later 
convenience, we label the family of Sasaki-Einstein 7-folds which are the bases of these toric 
CY4 cones as Y^. 

These manifolds span a one parameter subfamily of a six parameter family of smooth toric 
Sasaki-Einstein 7-folds whose metrics were found in [17]. The GLSM for the 6-parameter 
family of toric Calabi-Yau 4- folds with isolated singularities has U{1)'^ gauge group with 
charges (mi,m2, -(mi+m2+2m56),0,m56,m56), (ni,n2,n3, -(711+722+71.3), 0,0) respectively. 

The gauge theories for M2 branes probing C(Y^) have ABJM quivers, with CS levels 
(/i + 1, — (/i + 1)), a flavour pair coupled to Ai and another flavour pair coupled to A2, and 
superpotential ()3.ip with ha = he = 1 and hi, = h^ = 0. According to the discussion of 
sections 14. II and 14.21 we expect h + 2 inequivalent conformal field theories of this kind, for any 
given h > 0. Again there is no way of changing these field theory data compatibly with the 
fivebrane configuration in IIB, therefore according to the conjecture of section [52] we expect 
that H^^^(Y^,Z) coincides with Z/j+2 rather than simply containing it. Notice that in the 
special case h = —1 that corresponds to Q^'^'^, separated by the infinite class by the singular 
SEj, the number of D3 branes created in a HW transition enhances to n = 2. 

The conjecture for the torsion part of the fourth cohomology based on brane physics 
and field theory arguments agrees with the algebraic topology computations performed in 
the literature for Y^''^{CF ) and Q^'^'^, which both have Z2 torsion in the fourth integral 
cohomology [4811321 ^9]. It would be nice to check explicitly the conjecture that the brane ar- 
gument in type IIB saturates the order of the torsion part of the fourth cohomology group for 
the infinite classes of smooth Sasaki-Einstein 7-folds presented in this section. Unfortunately 
we are not aware of a general method to compute such cohomologies for toric Sasaki-Einstein 
7-folds, and we have to resort to case by case computations. For the L^'^~^^^^^^ geometries, 
we can extend the computation of Hf^^ provided for L^'^'^'"*^ = y^'^(CP^) in [32j, to which we 
refer the reader for more details and notation (that we will use in the next section), keeping 
track of some differences. 

Let us then consider the partial resolution of C(L^'^^'^'^) corresponding to positive FI 
parameter in the GLSM (j4.6p : it is a Calabi-Yau fourfold X^ which is the total space of 



0{-l) e 0{-{h + 1)) -^ WCP^^;^ ,j]. Xh is contractible to its zero section (at cq = an = 0), 
which is a copy of WCPm -^ ^1 , therefore it has only nonvanishing integral cohomologies 
H^{Xh,Z) = H^{Xh,^) = H^{Xh,Z) = Z [SD]. Note that Xh has a Z/, orbifold singu- 
larity (if /i > 1) at the point p determined by cq = Uh = bo = d^ = 0, that we can excise 
to get a smooth X^- The cohomologies written above for X^ extend to the smooth X^, 
via the excision theorem: H^{Xh,'L) = H'^{Xh,Z) = H'^{Xh,7j) = TL. The removal of the 
point "p can be thought of physically as due to the backreaction of M2 branes placed at 
p, which sends the point to infinity creating an AdS/^ x Yi^ throat [32]. Sending the re- 
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moved point to infinity does not change the topology of X^- The boundary of X^ can then 
be thought of as dX^ = Yuy U Y/r (the union is disjoint), where Yj/y = L^^^+^'^^^ and 
YuY = S'^ I'Lh-, whereas dX^ = Yuv (but there is a leftover singularity). By the Thorn iso- 
morphism, H^{Xh,dXh,Z) = H^{Xh,dXh,I^) = H^{Xh,dXh,Z) = Z, where the generator 
of H'^{Xii,dXh,Z) is the Thorn class (and similarly for Xh)- The image of the genera- 
tor in the map from H^{Xh,dXh,Z) = H^{Xh,L^'^^^'^'^,'L) to H^{Xh,Z) = H^{Xh,I^) = 
H^{WC¥f-^^^^^,Z) = Z is then the Euler class of the ©(-1) 0{-{h + 1)) bundle, which is 
the element h{h + 1) G Z = //'^(WCPrj^ -^ ^i,Z). Here the additional h factor compared to 
|32j comes from the self-intersection number h of the generator of H2{WCF,-^ ^ ^i, Z) [50j. By 
means of a long exact sequence similar to (5.4) of |32) . it follows that H^{dXh,'L) = 'Lf^if^j^i-, = 
Zh®Zh+i. Since H^{dXh,Z) = H'^{L^^''+^'^^\Z) e H^{SyZh,Z) and H^{SyZh,Z) = Zh, 
we conclude that H'^{L}-'^^^'^'^ ,Z) = Z/^+i, as expected. 

It would be interesting to perform a similar check for the geometries Y/i, for which we 
have not been able to evaluate the fourth cohomologies. In the next section we will study 
partial resolutions and G-fluxes in more detail from the type IIB perspective. 

For future reference, in appendix |^ we collect details about the volumes of the smooth 
Sasaki-Einstein manifolds and their supersymmetric 5-cycles, from which the superconformal 
R-charges (equal to the conformal dimensions) of matter fields can be computed. 

5 Fractional M2 branes and partial resolutions 

The beautiful interplay of torsion G-fluxes in the M-theory backgrounds and partial reso- 
lutions of Calabi-Yau fourfold singularities was investigated in detail by Benishti, He and 
Sparks in |32] . We now review some of the salient aspects of their general analysis, adapting 
the discussion to field theories that may include fundamental flavours. 

Given a toric CI4 cone X and a partial Calabi-Yau resolution thereof vr : X — )• X, we 
can consider placing a stack of A^ regular M2 branes at a (possibly residually singular) point 
p € X. Let CiYiPi) be the tangent space at p. After including the backreaction of the 
N M2 branes, p is sent to infinity inside a throat. The resulting background is a warped 
product M}'"^ x^ X, where X = X\p, with two disconnected boundaries where the solution 
asymptotes to AdS^ x Yjyy and AdS/i, x Ym respectively. In the dual field theory, the partial 
resolution is interpreted as due to Fayet-Iliopoulos terms or real mass terms for flavour flelds. 
This relevant deformation induces an RG flow driving the UV field theory, holographically 
dual to AdS^^ x Yuy, to a different infrared fixed point, holographically dual to AdS^ x Yir. 

In the presence of torsion G-flux in AdS^i x Yjjv, several scenarios might occur [32]. First, 
it is possible that the torsion G-flux cannot be extended to the supergravity solution for 
the holographic RG-flow corresponding to a partial resolution. In that event, the putative 
supersymmetric RG flow of the dual fleld theory does not exist. Second, if instead the torsion 
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Figure 11: 5-brane configuration for 

C(yi'2(CP^)) with TV regular M2 branes (in 
orange) and 1 fractional M2 brane (in black). 



(2,1) 



(1,0) ^-r' 
-"^(1,1) 



l\ 



\^N 



(0,1) 



Figure 12: 5-brane configuration for the par- 
tial resolution of C{Y^-'^(ST^)) to CVZa with 
N regular M2 branes (in orange) and 1 frac- 
tional M2 brane (in black). 



G-flux can be extended, the extension may be ambiguous and asymptote to various torsion 
classes in H'^[Yjr,Z). If so, there are several RG flows driving a given UV fixed point to 
distinct IR fixed points labelled by different ranks of the gauge groups (but the same quiver 
and superpotential). 

In this section we would like to analyse the interplay between partial resolution and 
torsion G-fiuxes by means of the dual type IIB brane constructions of the models under 
investigation. Rather than delving into a general discussion, we begin focusing on the example 
Yuv = ^^'^(CP ), which was studied in detail in [32]. The generalisation is straightforward 
and is left as an exercise for the interested readers. 

Let us then consider the type IIB brane construction (in the 37 plane) for N regular plus 
1 fractional M2 branes at C{Y^''^{CF )), see fig. \TT\ regular M2 branes are dual to D3 branes 
wrapping the x^ circle, which are depicted in orange; fractional M2 branes are dual to D3 
branes suspended between the two fivebranes along an interval of the x^ circle, which are 
depicted in black. The 3d field theory is a U{N + 1)3/2 ^ ^(-^)-3/2 theory with a single 
fiavour pair coupled to Ai as in ()3.ip with ha = 1 and hi, = he = hd = 0. 

We are interested in partial resolutions of the singularity, and we focus on the situation 
where all the A^ regular M2 branes are left at the residual singularity. As for the fate of the 
fractional M2 branes, they can either remain at the residual singularity during the partial 
resolution, or be removed from it in the process. 

We first study the resolution to C'*/Z2, which has a dual interpretation as a real mass 
term for the fiavours. The dual global deformation of the type IIB fivebrane configuration is 
shown in fig. [T2l As the fivebrane junction is removed, the D3 brane on the interval is forced 
to remain suspended between the (2, 1)5 and the NS5 brane if we require supersymmetry. 
The low energy field theory is therefore the U{N + 1)2 x U{N)^2 ABJ theory. The dual 
supergravity solution has one unit of torsion G-flux in Yjr = 5*^/^2. 

Similarly, the absence of torsion G-flux in Yjjv implies the absence of torsion G-flux in 
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Figure 13: 5-brane configuration for a res- 
olution of C(yi'2(CP^)) with N regular M2 
branes and 1 fractional M2 brane to C''. 



Figure 14: 5-brane configuration for a res- 
olution of C{Y^-^{^'f-)) with N regular M2 
branes and 1 fractional M2 brane to C''. 



17/j. This is easy to understand: if one starts with only D3 wrapping the circle, one ends 
up with only D3 wrapping the circle. Alternatively, by a Hanany-Witten transition, if one 
starts with the maximal number of D3 branes on an interval allowed by the s-rule, one also 
ends up with the maximal number. 

The other resolution of C(y"'^'^(CP )) is to C^. In type IIB brane terms, there are several 
options for the leftover fivebranes, leading to apparently different 3d field theories which 
however are mirror symmetric. We focus for definiteness on the situation where we are 
left with a (1, 1)5 and an NS5, namely the ABJ(M) setup. The dual interpretation of this 
resolution is again a real mass term for the flavours, but of opposite sign compared to the 
previous case. The D3 on the interval can either move to infinity or not as the resolution 
parameter is sent to infinity, as shown in figures [T3] and [TH respectively. The resulting low 
energy conformal field theories are the U{N)i x U{N)^i ABJM model or the U{N + l)i x 
U{N)^i ABJ model, which are equivalent ^. The supergravity solution has (necessarily) no 
torsion G-flux in Yjji = S'^ . These results, which are straightforward to derive using branes 
in type IIB string theory, agree with the more complicated cohomological analysis of [32] . 

As an example of a holographic RG flow where torsion G-flux in Yjjv can be extended in 
several ways, leading to IR backgrounds with different torsion G- fluxes in the same l/ij, let us 
take Yjjv = ^'^ and Y/r = L^''*"^^'^'^, and choose for instance one unit of torsion flux in Yi/y. 
Remember that according to section H31 Hf^^{Y^,Z) = 1^h+2 and Hf^{L^'^^^'^'^ ,Z) = I^h+i- 
Translating the partial resolution and the fractional M2 branes into the type IIB brane 
construction, we see in figures [TMT6] that the partial resolution can result either in one unit 
of torsion G-flux in Ym or in no torsion. 

Even though we have concentrated on a couple of examples, we hope it is clear that the 
philosophy can easily be applied to the entire class of flavoured ABJ(M) models studied in 
this paper. 

Concerning potential obstructions to extending the torsion G-flux in Yjjv to a G-flux on 
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Figure 15: 5-brane configuration for a resolu- 
tion of C{Y^) to C(Li''*+i'i'i) witli N regular 
M2 branes and 1 fractional M2 brane both at 
the unresolved and the partially resolved sin- 
gularity. 



Figure 16: 5-brane configuration for a resolu- 
tion of CiY^) to C(ii'''+i'i'i) with N regular 
M2 branes and 1 fractional M2 brane at the 
unresolved singularity, and only N regular M2 
branes at the partially resolved singularity. 



X, we see no trace of it in our analysis, which applies to the geometries arising as moduli 
spaces of flavoured ABJ(M) models. The total number n of D3 branes created in a HW 
transition in the type IIB dual does not change under finite deformations of the webs, although 
some D3 branes may be forced to follow the deformation. It can stay constant or decrease 
if a deformation parameter is sent to infinity. Consequently, given a configuration of D3 
branes that satisfies the s-rule before the deformation, it is always possible to accommodate 
the s-rule after the deformation as well. This result seems to imply that there is always a 
super symmetric RG flow between a UV and an IR super symmetric fixed point in our field 
theories when real masses or FI terms are introduced. 

Note that partial resolutions may be used to set a lower bound on n before computing 
it, if n is known for the partially resolved singularity. For instance, we can consider partial 
resolutions to ABJM singularities C^/Zifc^^^i, where |A;max| > is maximised. Thinking 
about the dual fiald theories, we see that |/cmaa;| = 1^1 + \i,^L + ^r)-, where /c, N^ and N^, 
as in ()3.6p - ()3.10p refer to the original flavoured ABJM field theory. In classes 1 and 4 of 
section HTTl l/cmaxl = n: there is a partial resolution to C^/Z„, and the result for n should 
not be surprising. On the other hand, in classes 2 and 3, which require flavours in non- 
real representations of the gauge groups, |A:m,ax| < n = iiiax{NL,Nfi}, and the inequality is 
saturated only at the boundary of these classes, where h or h vanish. Therefore the value of 
n cannot be guessed just by considering partial resolutions. An example of this is C{Q^'^'^), 
in which case any partial resolution reduces n from 2 to 1. 

Finally, one can also enjoy the possibility of displacing singularities by a partial resolution, 
and partitioning the (regular and fractional) M2 branes among the daughter singularities in 
the process. In the supergravity solution, one would have multiple 'infrared' AdS4 x 17_r,j 
throats, possibly with torsion G-fluxes even when there is no torsion G-flux in Yuy. In the 
dual field theory, there would be several SCFT's coupled by irrelevant operatorso A novelty 



^Similar aspects liave been studied in the context of tiie AdS^/CFTi correspondence [51] 
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2(1,0)^ 



> 2(1,0) 



Figure 17: 5-brane configuration for a resolution of C(Q^'^'^/Z2). 

of AdSi/CFT-^ is that these SCFTs may have different ranks. For instance, we may partially 
resolve C((5^'^'-'^/Z2), where the Z2 action has fixed points as in [TT], as dually depicted in fig. 
[T71 and choose to place all the colour branes at the two leftover C^/Z2 isolated singularities 
as labelled by the black dots. Suppose that the starting point has only A^ regular M2 branes 
at C((5"^'^'^/Z2). Then we may end up with A''i regular M2 at a C^ /'L2 singularity and N — Ni 
regular M2 at the other C^/Z2 singularity. But we could also fractionate a regular M2 into 
two fractional M2 branes of different kinds, and separate the two fractional branes: then we 
would end up with A'^i regular M2 together with a fractional M2 brane of one type at a C^/Z2 
singularity, and A^ — A^i — 1 regular M2 together with a fractional M2 brane of the other type 
at the other C^/Z2 singularity. The dual type IIB brane configuration still satisfies the s-rule 
after the deformation of the brane webs. In this case, the two conformal field theories which 
are coupled only by massive fields have gauge groups and CS levels U{Ni + l)i x U{Ni)^i 
and U{N - Ni - l)i x U{N - iVi)_i. 

6 Conclusions 

In this article, we presented type IIB brane realisations of Yang-Mills-Chern-Simons ABJ(M) 
theories with fundamental and antifundamental fiavours, whose infrared fixed points describe 
3d theories on M2 branes at certain toric Calabi-Yau fourfolds relevant to AdSi^/CFT^. 

The existence of a type IIB dual setup of D3 branes suspended between fivebranes is 
limited to M2 branes at a subset of all toric Calabi-Yau fourfolds. On the other hand, this 
duality is very powerful when available, having the potential of translating difficult problems, 
such as understanding duality cascades and identifying the conformal window of the field 
theory, into simpler ones that can be answered by inspection of fivebrane web diagrams. 

In this paper we focused our attention on fractional M2 branes which arise as the uplift 
of D4 branes wrapping the vanishing 2-cycle of the conifold in IIA and do not spoil the ^^5*4 
near horizon geometry. Their manifestation in the lid gravity dual AdS^ x I7 background is a 
torsion G-flux in Yj. Such fractional M2 branes are related to the diff'erent 3d superconformal 
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field theories with given quiver diagram, superpotential, CS levels and minimal common rank 
A^ of the gauge groups. Duality maps these fractional M2 branes into D3 branes stretched 
along an interval between two fivebrane webs on a circle. The maximal number of such branes 
that can be added to N D3 branes wrapping the circle (dual to regular M2 branes) compatibly 
with a superconformal fixed point of the 3d gauge theory is determined by a basic rule in 
brane physics, the s-rule of |13t [31], which we implemented for fivebrane systems involving 
junctions. 

We have identified the superconformal field theories dual to AdS4 x Yj backgrounds of 
M-theory without and with torsion G-fluxes for the smooth geometries I7 = Q^'^'^, ^i-^+i.i.i 
(/i > 1), matching the number of inequivalent superconformal field theories with given quiver 
diagram, superpotential, and common rank N of the gauge groups that we found in the type 
IIB dual, with the order of the fourth cohomology group of the Sasaki-Einstein manifolds. 

From our point of view, the type IIB dual construction has additional advantages. First, 
it confirms the proposal of |1H 112] that the so called three-dimensional quiver gauge theories 
without four-dimensional parent that received wide attention in the literature should be 
replaced by ordinary quiver gauge theories coupled to fundamental and antifundamental 
flavours, manifesting the connection between the flavoured ABJ(M) field theory on M2 branes 
and the toric CI4 geometry that they probe. Second, it provides a simplified arena for 
interpreting partial resolutions of the Calabi-Yau fourfold in the dual three dimensional gauge 
thory, by mapping them to web deformations of the fivebrane system. As we explained, in 
the context of the flavoured ABJ(M) models the proposed three-dimensional field theories for 
M2 branes allow a description of all the partial resolutions of the Calabi-Yau singularities, 
either as real mass terms for fundamental flavours or as Fayet-Iliopoulos terms which induce 
Higgsing. We also showed how the interplay of partial resolutions and G-fluxes first studied in 
some particular cases in [32] can be easilyy analysed by means of the type IIB brane cartoon. 

On the other hand, it would be of great interest to understand how the addition of new 
points in the toric diagram can be accounted for by introducing new degrees of freedom in the 
3d gauge theory. This program goes under the name of unHiaasina^^ and is one of the major 
open problems in the AdSi^/CFT^ correspondence for M2 branes at toric (714 singularities. 

The type IIB dual construction looks promising in this respect. The relation between 
toric diagrams and fivebrane webs discussed in section 13.21 for our models suggests a natural 
generalisation to two arbitrary 5-brane systems (still at an angle in the 45-89 plane) in type 
IIB: this is achieved by pulling in, from infinity in the 37 plane, fivebrane subwebs which are 
suitably oriented in the 45-89 planerl This operation adds points to the layers of the toric 



'^^This name, inherited from the AdS^ / C FTi correspondence, is misleading in the AdSi/CFT-j, correspon- 
dence since partial resolutions are not necessarily described as Higgsings in this context. 

^''See also section 4 of [20] for a related discussion of non-elliptic models of D3 branes suspended on an 
interval between two generic fivebrane webs. 



33 



diagram of the fourfold, so that we end up with a toric diagram which is still made of two 
vertical layers, each one being the toric diagram of the toric CY3 dual to a single {p, q)5 web. 
Note that the restriction to two layers rules out fourfolds with exceptional divisors. 

In the literature there are proposals for 3d field theories on M2 branes at only some 
of these toric CI4 cones. Even when available, they are generically plagued by difficulties 
in accounting for some partial resolutions. However, such partial resolutions correspond to 
web deformations that are manifest in the type IIB brane picture. They occur when two 
fivebrane subwebs at equilibrium (with the same orientation in the 45-89 plane) are moved to 
the same position in the x^ circle, so that they intersect and can undergo a web deformation. 
From the point of view of the dual ultraviolet 3d gauge theory, this is a limit of infinite 
Yang-Mills coupling, where new degrees of freedom appear. We hope to report progress 
in understanding the 3d field theories dual to generic two-fivebranes systems and the field- 
theoretical interpretation of partial resolutions in the near future. 
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A Volumes of smooth SEj and superconformal R-charges 

In this appendix we list the outcome of some computations of volumes for the smooth Sasaki- 
Einstein 7- folds introduced in section 14.51 and their calibrated 5-cycles (the cones over which 
are toric divisors), obtained by volume minimisation [52] following the appendix of [2]. Knowl- 
edge of the volumes of calibrated 5-cycles, on which M5 branes can be wrapped supersym- 
metrically, allows us to compute the superconformal R-charges of the matter fields, which are 
equal to their conformal dimensions. 

A.l L^^h+^'^^\ h > 1 

Thanks to symmetries, the Reeb vector field of the Sasakian 7-fold can be written as 6 = 
(4, x,x,y), where 

0<x<4, y>0, 2h{2-x) <y <{h + l){4:-x) . (A.l) 
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The volume is 

VoKL^'^^+i^^'i) = ^ Kh + l?x^ + vm + l)-y] 

3 x^y[y-{i + h){4.-x)f[y-2h{2-x)] 

Minimisation of this volume in the range (|A.2p determines the volume of the Sasaki-Einstein 
7-fold. From the computation of volumes of supersymmetric 5-cycles, we can extract the 
R-charges of the perfect matchings 

pr„ i_l y[{h+l){A-x)-yf 

^ '^^ 2h{h + lfx'^ + y[A{h + l)-y] ^ ' 

n\n ^_^ y[Mh + i)-y][y-2h{2-x)] 

^^^""'^'^ ~ 2h{h + 1)2x2 + y[A{h + l)-y] ^ ' 

m ,1 {h+l)^x^[y-2hi2-x)] 

^^''"J 2 /i(/i + 1)2x2 + y[4(/i + 1) - y] ^'^■''' 

pr, 1 pr, 1 l x[{h + l)ii-x)-y][y + h{h + l)x] 
R[bo] = R[do] = - h{h + lYx^ + y[A{h + l)-y] ^^''^ 

where again it is understood that the values of x and y that minimise ()A.2p have to be 
inserted. We recall that bifundamentals and diagonal monopole operators are related to the 
perfect matchings as follows |llj : 

T = ah, T = Uh+i , ^1 = atah+i , Bi = bo , A2 = co , B2 = do ■ (A. 7) 



Under the assumption that the entire superpotential (j3.ip is marginal, we can determine the 
superconformal R-charge of the flavour fields: R[pi] = R[qi] = 1 — |i?[^i]. 

Unfortunately, we have not been able to find a compact analytic form for the values of x 
and y that determine the Sasaki-Einstein manifold as a function of h, but the minimisation 
can be readily performed numerically. 

A.1.1 h = l: L^'2'i'i = yi.2(Cp2) 

For h = 1, which is L^'2'^'-^ = y^'2(CP ), the values of (x, y) which minimise the volume are 
x = -fl + 23 c"^/^ - c^/^) , y = 4-x, CEE-181 + 24\/78 . (A.8) 



The volume of the Sasaki-Einstein manifold is 

voi(yi'2(cp^)) = — ;;; ' ""^ ~ 13.3916 (a.q) 



'1,2^^to2^^ _ ^ 16 + 3x2 

3 x3(4-x)3 



which agrees with [IS], up to a prefactor of 4 which is perhaps a typo. The volumes of 
supersymmetric 5-cycles are: 



VolfSa, ) = vr^ ^ ~ 6.0075 

X'^ 

Vol(S,,) = Vol(SbJ = Vol(Srf„) = vr^ ^ "^^^^^ ~ 11.5224 (A.IO) 

VoUSco) = vr^ ^4^=^ 10.5774 
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The superconforrtial R-charges of the matter fields are: 

R[T] = - ^ ^ ~ 0.2349 

^ ^ 2 16 + 3a;2 

R[f] = R[Bi] = - ^'^^-''J ^ 0.4505 

R[A,] = R[T] + R[f] = i^-^)i8-2x + x^) ^ ^^^^^^ ^^^^^^ 

16 + 3x^ 
2x^ 

R\pi] = R[qi] = 1 - ^^[^i] = ^^^^ ^ 0-6573 

A. 1.2 h^ oo 

In the /i — 7- oo finiit, the values of {x,y) which minimise the volume of L^' "''^'^'^ are 

(A.12) 



8 128 ^ ^ ^ 



y = h(l + lh-' + ^h~' + 0{h-')^ . 



The volume of the Sasaki-Einstein manifold is 

yol{L^^+iA.i) = ^{l-lh-' + f^h-' + 0{h-^) ) , (A.13) 

the volumes of calibrated 5-cycles are 



(A.14) 



Vol(S.J = -^1 --/.---/.- + c)(r 

V «ft+i^ 4/i V 24 768 ^ 7 

Vol(S5„) = Vol(S,„) = ^ (^1 - ^ /^-i + 1| /,-2 + 0(/,-3)^ 



vr-'^ /. 3 , _i 27 
and the superconformal R-charges are 



Vol(Seo) = - [l--h-^ + -h-^ + 0{h-^\ 



R[A,] = \{l-\h-' + ^^h-^ + 0{h-'] 



(A15) 
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A. 2 Y^, h>l 

In this case, due to symmetries, there are only three independent volumes of 5-cycles, and 
the Reeb vector can be taken as b = (4, 2,2,y), with < y < 2(/i + 2). The volume of the 
Sasakian manifold with this Reeb vector is 

^ ' 6 !/2[2(ft + 2)-!/]2 > ' 

The volumes of calibrated 5-cycles are 

Vol(E.J = Vol(E^) = ^ 
Vol(E.„.) = y„i(E..) = ^^|±|^ (A.17, 

The superconformal R-charges are 



R[Ai 



RIB 



2/i(/i + 2)2 + y[4(/i + 2) - y] 
1 [2{h + 2) - y]{h^ + 2h + y) 
^J " 4 2/i(/i + 2)2 + y[4(/i + 2) - y] 



1 [2(fe + 2)-y]2y 

^^^ 2 2/i(/i + 2)2 + y[4(/i + 2)-y] ^ ' ' 

jl^f] = - [4(/i + 2)-y]y2 



R\pi] = R[qi 



2 2/i(/i + 2)2 + y[4(/i + 2) -y] 

1 4h{h + 2)2 + 8{h + 2)y - {h + 2fy - 2y2 



2 2/i(/i + 2)2 + y[4(/i + 2) - y] 

Minimising the volume ()A.16p amounts to solving a cubic equation. The solution is 



y = 2{h + 2)-—={h + 2)^/"^ sin 
v3 



1 / 3^/3 

— arcsm 



3 \Ay/hT2 



(A.19) 



which can be plugged in the previous formulae to give the volumes of the Sasaki-Einstein 
Y^, the volumes of their supersymetric 5-cycles, and the superconformal R-charges of quiver 
fields. 
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